A connected graph G is called strongly Menger (edge) connected if for any two distinct vertices x, y of G, there are min{deg G (x), deg G (y)} vertex(edge)-disjoint paths between x and y. In this paper, we consider strong Menger (edge) connectedness of the augmented k-ary n-cube AQ n,k , which is a variant of k-ary n-cube Q k n . By exploring the topological proprieties of AQ n,k , we show that AQn,3 for n ≥ 4 (resp. AQ n,k for n ≥ 2 and k ≥ 4) is still strongly Menger connected even when there are 4n − 9 (resp. 4n − 8) faulty vertices and AQ n,k is still strongly Menger edge connected even when there are 4n − 4 faulty edges for n ≥ 2 and k ≥ 3. Moreover, under the restricted condition that each vertex has at least two fault-free edges, we show that AQ n,k is still strongly Menger edge connected even when there are 8n − 10 faulty edges for n ≥ 2 and k ≥ 3. These results are all optimal in the sense of the maximum number of tolerated vertex (resp. edge) faults. computer networks. With the continuous increasing in network size, routing in networks with faults has become unavoidable. Two fault models have been studied for many well-known networks: one is the random fault model, and the other is the conditional fault model (which assumes that the fault distribution is limited). The strong Menger (edge) connectivity of a graph with random faults is defined as follows.
Introduction
With continuous advances in technology, a multiprocessor system may contains hundreds or even thousands of processors that communicate by exchanging messages through an interconnection network. The topology of a network can be represented as a graph. Among all fundamental properties for interconnection networks, the connectivity and edge connectivity are the major parameters widely discussed for the connection status of networks.
For a connected graph G, the connectivity κ(G) is the minimum number of vertices removed to get the graph disconnected or trivial; while the edge connectivity λ(G) is the minimum number of edges removed to get the graph disconnected. Connectivity and edge connectivity are two deterministic measurements for determining the reliability and fault tolerance of a multiprocessor system. In contrast with this concept, Menger [11] provided a local point of view, and defined the connectivity (resp. edge connectivity) of any two vertices as the minimum number of internally vertex-disjoint (resp. edge-disjoint) paths between them.
A connected graph G is called strongly Menger (edge) connected if for any two distinct vertices x, y of G, there are min{deg G (x), deg G (y)} (edge-)disjoint paths between x and y. Parallel routing (i.e., construction of disjoint paths or edge-disjoint paths) has been an important issue in the study of of U in G is defined as N G (U ) = v∈U N G (v) − U . When no ambiguity arises, we omit the subscript G in the above notations. For any two vertices u, v ∈ V (G), we use cn(G : u, v) to denote the number of common neighbors of u and v in G.
A graph H is a subgraph of a graph G if V (H) ⊆ V (G) and E(H) ⊆ E(G). The connected components (simply, component) of a graph are its maximal connected subgraphs. For two disjoint vertex sets or subgraphs H 1 and H 2 , we use E(H 1 , H 2 ) to denote the set of edges with one endpoint in H 1 and the other in H 2 . For a subset S ⊆ V (G) (resp. S ⊆ E(G)), we denote G − S the graph obtained from G by removing the vertices (edges) of S. In particular, S is called a vertex cut (resp. edge cut) of G if G − S is disconnected. In this case, the biggest component of G − S is called a large component; the component of G − S which is not the biggest one is called a smaller component. Given x, y ∈ V (G), an (x, y)-path of length k is a finite sequence of distinct vertices v 0 , v 1 , . . . , v k such that x = v 0 , y = v k , and (v i , v i+1 ) ∈ E(G) for 0 ≤ i ≤ k − 1. A set F ⊂ V (G) \ {x, y} is an (x, y)-cut if G − F has no (x, y)-path. Similarly, a set F ⊆ E(G) is an (x, y)-edge cut if G − F has no (x, y)-path. Proposition 1. ( [11] ) Let x, y be two distinct vertices of a graph G.
(1) For (x, y) / ∈ E(G), the minimum size of an (x, y)-cut equals the maximum number of disjoint (x, y)-paths.
(2) The minimum size of an (x, y)-edge cut equals the maximum number of edge-disjoint x, y-paths.
Augmented k-ary n-cubes
Let [n] = {1, 2, . . . , n} and [n] 0 = {0, 1, . . . , n − 1}. Assume that all arithmetics on tuple elements are modulo k. Xiang and Stewart [19] gave two equivalent definitions of augmented k-ary n-cube as follows.
Definition 3. ( [19] ) Let n ≥ 1 and k ≥ 3 be integers. The augmented k-ary n-cube AQ n,k has k n vertices, each vertex is labelled by an n-bit string (a n , a n−1 , . . . , a 2 , a 1 ) (or a n a n−1 · · · a 2 a 1 ) with a i ∈ [k] 0 for i ∈ [n]. There is an edge joining vertex u = (u n , u n−1 , . . . , u 2 , u 1 ) to v = (v n , v n−1 , . . . , v 2 , v 1 ) if and only if one of the following conditions holds.
(1) v i = u i − 1 (resp. v i = u i + 1) for some i ∈ [n] and u j = v j for all j ∈ [n] \ {i}; and the edge (u, v) is called an (i, −1)-edge (resp. (i, +1)-edge).
(2) for some 2 ≤ i ≤ n, v i = u i −1, v i−1 = u i−1 −1,. . . , v 1 = u 1 −1 (resp. v i = u i +1, v i−1 = u i−1 +1,. . . , v 1 = u 1 + 1), v j = u j for all j > i; and the edge (u, v) is called an (≤ i, −1)-edge (resp. (≤ i, +1)edge).
In the above definition, edges fulfilled the condition (1) and condition (2) are called traditional edges and augmented edges, respectively. Obviously, AQ 1,k is a k-cycle (i.e., a cycle of length k). Fig. 1 shows AQ 2,3 , AQ 2,4 and AQ 3,3 , where bold lines are traditional edges and dashed lines are augmented edges. In fact, the augmented k-ary n-cube AQ n,k can also be recursively defined as follows.
Definition 4. ( [19] ) Fix k ≥ 3, augmented k-ary 1-cube AQ 1,k has vertex set {1, 2, . . . , k}, and there is an edge joining vertex u to v if and only if v = u − 1 or v = u + 1. Fix n ≥ 2. Take k copies of augmented k-ary (n−1)-cubes AQ n−1,k and for ith copy add an extra number i as the nth bit of each vertex (i.e., all vertices have the same nth bit if they are in the same copy of augmented k-ary (n − 1)-cube). Four more edges are added for each vertex, namely the (n, −1)-edge, (n, +1)-edge, (≤ n, −1)-edge, (≤ n, +1)-edge (as defined in Definition 3). Lemma 1. ( [19] ) Let AQ n,k be the augmented k-ary n-cube, where n ≥ 2 and k ≥ 3 are integers.
(1) For i ∈ [k] 0 , the subgraph of AQ n,k induced by vertices with the nth bit being i, denoted by AQ i n,k , is a copy of AQ n−1,k . (2) AQ n,k is vertex-transitive, AQ 2,k is edge-transitive and κ(AQ n,k ) = λ(AQ n,k ) = 4n − 2.
(3) Every vertex of AQ i n,k has exactly two neighbors in AQ i+1 n,k (resp. in AQ i−1 n,k ), one is connected by a traditional edge and the other is connected by an augmented edge. Thus |E(AQ i n,k , AQ i+1 n,k )| = 2k n−1 .
Two adjacent vertices u ∈ V (AQ i n,k ) and v ∈ V (AQ i+1 n,k ) are called extra neighbors to each other. Moreover, (u, v) are called extra edges. From Lemma 1(3), every vertex has exactly four distinct extra neighbors. For convenience, we adopt the following notation to identify the neighbors of a given vertex in AQ n,k . Let u = (u n , u n−1 , . . . , u 2 , u 1 ) ∈ V (AQ n,k ). For each 2 ≤ i ≤ n, let
) Let u and v be two distinct vertices in AQ i n,k such that u and v have common neighbors in V (AQ i+1 n,k )∪V (AQ i−1 n,k ).
, then the common neighbors of u and v in V (AQ i+1 n,k ) ∪ V (AQ i−1 n,k ) are u (≤n,−1) and u (n,+1) ; if v = u (≤n−1,+1) , then the common neighbors of u and v in V (AQ i+1 n,k ) ∪ V (AQ i−1 n,k ) are u (≤n,+1) and u (n,−1) .
For instance, we consider u = 120 in AQ 1 3,3 (see Fig. 1(c) ). Then, we can check that u and u (≤2,−1) = 112 have common neighbors u (≤3,−1) = 012 ∈ V (AQ 0 3,3 ) and u (3,+1) = 220 ∈ V (AQ 2 3,3 ). Also, u and u (≤2,+1) = 101 have common neighbors u (≤3,+1) = 201 ∈ V (AQ 2 3,3 ) and u (3,−1) = 020 ∈ V (AQ 0 3,3 ).
The following lemma shows the exact number of common neighbors of any two adjacent vertices in AQ n,k .
be an edge of AQ n,k . Then the following assertions hold:
The results are similar with assertions (3) and (4) for v = u (i,+1) and v = u (≤i,+1) .
The following lemma shows the upper bound of the number of common neighbors for any two distinct vertices in AQ n,k .
Lemma 3. ( [10])
Let u and v be two distinct vertices of AQ n,k . Then the following assertions hold:
Wang and Zhao [18] derived the following result which is useful for our proof.
Lemma 5. ( [18] ) Let AQ n,3 be the augmented 3-ary n-cubes, and F ⊆ V (AQ n,3 ) with |F | ≤ 8n − 12. Assume AQ n,3 − F is disconnected. Then (1) AQ 3,3 − F has exactly two components, one of which is a singleton or a 3-cycle, and the vertex set of the 3-cycle is {u, u (≤2,−1) , u (≤2,+1) };
(2) for n ≥ 4, AQ n,3 − F has exactly two components, one of which is a singleton.
Main Results
In this section, we will consider the (conditional) fault-tolerant strong Menger (edge) connectivity of augmented k-ary n-cubes. The following result is useful.
Strong Menger connectivity of augmented k-ary n-cubes
In this section, we consider the strong Menger connectivity of augmented k-ary n-cubes AQ n,k . We will prove that AQ n,3 is (4n − 9)-strongly Menger connected but not (4n − 8)-strongly Menger connected for n ≥ 3, and AQ n,k is (4n − 8)-strongly Menger connected but not (4n − 7)-strongly Menger connected for n ≥ 3 and k ≥ 4.
Lemma 7. Let F be an arbitrary set of vertices in AQ n,k .
(1) If |F | ≤ 8n − 12 for n ≥ 4, then AQ n,3 − F has a component C such that |V (C)| ≥ |V (AQ n,3 )| − |F | − 1.
(2) If |F | ≤ 8n − 11 for n ≥ 2 and k ≥ 4, then AQ n,k − F has a component C such that
Proof. Let C be the large component of AQ n,k − F . First we consider k = 3, n ≥ 4 and |F | ≤ 8n − 12. By Lemma 5(2), AQ n,3 − F is connected or has exactly two components, one of which is a singleton.
Now assume that n ≥ 2, k ≥ 4 and |F | ≤ 8n − 11. The proof is by induction on n. If n = 2, then |F | ≤ 5 < κ(AQ 2,k ) = 6. Thus,
In what follows, we assume that n ≥ 3 and the result holds for AQ n−1,k . Recall that AQ n,k contains k disjoint copies of AQ n−1,k , say
In addition, we adopt the following notations:
We consider the following cases.
, there are 2k n−1 edges between subgraphs AQ j n,k and AQ j+1 n,k . Since |F | ≤ 8n − 11 < 2k n−1 for n ≥ 3 and k ≥ 4, there is a fault-free edge between AQ j n,k − F j and AQ j+1 n,k − F j+1 for each j ∈ [k] 0 , it implies that AQ n,k − F is connected. Let C = AQ n,k − F . Clearly, |V (C)| = |V (AQ n,k )| − |F |.
Without loss of generality, assume that I = {0}. By Lemma 1(2), f 0 ≥ 4n − 6. For j ∈ [k] 0 \ {0}, AQ j n,k − S j is connected. By Lemma 1(3), there are 2k n−1 edges between subgraphs AQ j n,k and AQ j+1 n,k . For each j, j + 1 ∈ [k] 0 \ I, since 2(f j + f j+1 ) ≤ 2|F | ≤ 2(8n − 11) < 2k n−1 for n ≥ 3 and k ≥ 4, there is a fault-free edge between AQ j n,k − F j and AQ j+1 n,k − F j+1 . It leads to AQ J n,k − F J is connected.
Since f 0 ≤ 8n−19 = 8(n−1)−11, by induction hypothesis on AQ 0 n,k , there exists a component, say
Since there are 2×2k n−1 edges between subgraphs AQ 0 n,k and AQ J n,k and 2(f
In this case,
One can see that H 0 is connected to AQ J n,k − F J by the similar argument as Case 2.1. Let C be the component induced by the vertex set
Without loss of generality, assume that
We consider the following cases. Without loss of generality, assume that t = 1. Note that |F J | ≤ 1 and 2k n−1 > 2|F J | for n ≥ 3.
. This implies that C 1 = C 2 (i.e., C 1 and C 2 are the same component). By a similar discussion, any component of AQ t n,k − F t is contained in both C 1 and C 2 . This implies that AQ n,k − F has a large component, say C, and
Since AQ n,k is (4n − 2)-regular and (4n − 2)-connected by Lemma 1(2), combining Lemma 6 and Lemma 7, we have the following result. Theorem 1. Let AQ n,k be the augmented k-ary n-cube. Then (1) AQ n,3 is (4n − 9)-strongly Menger edge connected for n ≥ 4.
(2) AQ n,k is (4n − 8)-strongly Menger edge connected for n ≥ 2 and k ≥ 4.
Remark 2. AQ n,3 is not (4n−8)-strongly Menger connected for n ≥ 3 and AQ n,k is not (4n−7)-strongly Menger connected for n ≥ 3 and k ≥ 4. See Fig. 2 for an illustration. Let (u, w) ∈ E(AQ n,k ) such that u = w (≤i,−1) for some 1 ≤ i ≤ n − 1 and let F = N (w) \ N [u] be a faulty subset of vertices in AQ n,k (i.e., vertices in the darkest area of Fig. 2 ). By Lemma 2(3), |F | = (4n − 2) − 5 − 1 = 4n − 8 if n ≥ 3 and k = 3, and by Lemma 2(4),
Since w ∈ N (u) and some neighbors of w are in F , the vertices u and v are not connected with 4n − 2 vertex-disjoint paths in AQ n,k − F . Thus, the results of Theorem 1 are optimal in the sense that the number of faulty vertices cannot be increased.
Strong Menger edge connectivity of augmented k-ary n-cubes
In this section, we consider the (conditional) strongly Menger edge connectivity of augmented k-ary n-cubes.
In the following, let S be an arbitrary set of edges in AQ n,k . Note that AQ n,k contains k disjoint copies of AQ n−1,k , say
In addition, we adopt the following notations: Proof. Let H be the large component of AQ n,k − S. The proof is by induction on n. For n = 2, the proof is shown in the Appendix A. In what follows, we assume that n ≥ 3 and k ≥ 3 and the result holds
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The following cases should be considered.
For all j ∈ [k] 0 , AQ j n,k − S j is connected. By Lemma 1(3), there are 2k n−1 edges between subgraphs AQ j n,k and AQ j+1 n,k . Since |S| ≤ 8n − 7 < 2k n−1 for n ≥ 3 and k ≥ 3, there is a fault-free edge between AQ j n,k − S j and AQ j+1 n,k − S j+1 for each j ∈ [k] 0 , it implies that AQ n,k − S is connected. Thus, |V (H)| = |V (AQ n,k )|.
Without loss of generality, assume that I = {0}. By Lemma 1(2), s 0 ≥ 4(n − 1) − 2 = 4n − 6. For j ∈ [k] 0 \ {0}, AQ j n,k − S j is connected. By Lemma 1(3), there are 2k n−1 edges between subgraphs AQ j n,k and AQ j+1 n,k . Since s c ≤ |S| − s 0 ≤ (8n − 7) − (4n − 6) = 4n − 1 < 2k n−1 for n ≥ 3 and k ≥ 3, there is a fault-free edge between AQ j n,k − S j and AQ j+1 n,k − S j+1 for each j, j + 1 ∈ J. It leads to AQ J n,k − S J is connected.
Since s 0 ≤ 8n − 15 = 8(n − 1) − 7, by induction hypothesis on AQ 0 n,k , there exists a component, say In this case, we have s c ≤ |S| − s 0 ≤ (8n − 7) − (8n − 14) = 7. Since every vertex in AQ 0 n,k has exactly four distinct extra neighbors, at most one vertex in AQ 0 n,k are not connected with AQ J n,k − S J . This shows that |V (H)| ≥ |V (AQ n,k )| − 1, as desired.
We consider the following two cases according to k = 3 or not.
Without loss of generality, assume that I = {0, 1} and s 0 ≤ s 1 . Then, AQ J n,3 − S J = AQ 2 n,3 − S 2 is connected. Since |S| ≤ 8n − 7, if s 0 ≥ 8n − 14, then s c ≤ |S| − s 0 − s 1 ≤ (8n − 7) − 2(8n − 14) = 21 − 8n, which contradicts that n ≥ 3. Indeed, by Lemma 1(2), we have 4n−6 ≤ s 0 ≤ s 1 ≤ |S|−(4n−6) ≤ 4n−1 and s c ≤ |S| − s 0 − s 1 ≤ (8n − 7) − 2(4n − 6) = 5. Thus, we consider the following two situations.
Note that AQ 0 n,3 − S 0 (resp. AQ 1 n,3 − S 1 ) is disconnected. By induction hypothesis on AQ 0 n,3 (resp. AQ 1 n,3 ), AQ 0 n,3 − S 0 (resp. AQ 1 n,3 − S 1 ) has a large component and a singleton, say x 0 (resp. x 1 ). Note that each singleton has exactly two distinct extra neighbors in AQ 2 n,3 . Since s c ≤ 5 < 2k n−1 − 2 for n ≥ 3 and k = 3, AQ 0 In this case, we have (4n − 6) + (8n − 14) ≤ s 0 + s 1 ≤ |S| ≤ 8n − 7. It implies that n = 3. Thus, we have |S| ≤ 17, 6 ≤ s 0 ≤ 9, 10 ≤ s 1 ≤ 11 and s c ≤ |S| − s 1 − s 2 ≤ 1. Since every vertex in AQ 0 n,3 (resp. AQ 1 n,3 ) has two distinct extra neighbors in AQ 2 n,3 , any component in AQ 0 n,3 − S 0 (resp. AQ 1 n,3 − S 1 ) is connected to AQ 2 n,3 − S 2 . This implies AQ n,3 − S is connected and |V (H)| = |V (AQ n,3 )|.
Without loss of generality, assume that 0 ∈ I. We consider the following two cases according to the value of I \ {0}. In this case, AQ 0 n,k − S 0 (resp. AQ t n,k − S t ) is disconnected. By induction hypothesis on AQ 0 n,k (resp. AQ t n,k ), AQ 0 n,k − S 0 (resp. AQ t n,k − S t ) has exactly two components: a large component, say H 0 (resp. H t ), and a singleton. Note that every vertex in AQ 0 n,k has exactly two distinct extra neighbors in AQ 1 n,k (resp. AQ k−1 n,k ). Since s c ≤ |S| − s 0 − s t ≤ 5 < 2k n−1 − 4 for n ≥ 3 and k ≥ 4, there is at least a fault-free edge between H 0 and AQ 1 n,k − S 1 (resp. AQ k−1 n,k − S k−1 ). This implies that H 0 is connected to AQ 1 n,k − S 1 (which is part of C 1 ) and is connected to AQ k−1 n,k − S k−1 (which is part of C 2 ). It follows that H 0 is contained in both C 1 and C 2 . By a similar discussion, H t is contained in both C 1 and C 2 .
Let M be the union of smaller components of AQ n,k − S. Clearly, V (M ) ⊆ {x 0 , x t }. If |V (M )| = 2, then s c ≥ |N AQ n,k −AQ 0 n,k (x 0 )| + |N AQ n,k −AQ t n,k (x t )| ≥ 8, a contradiction occurs. Thus, |V (M )| ≤ 1. This implies that AQ n,k − S has a large component H and smaller components which contain at most one vertices in total. So |V (H)| ≥ |V (AQ n,k )| − 1. In this case, we have (4n − 6) + (8n − 14) ≤ s 0 + s t ≤ |S| ≤ 8n − 7. It implies that n = 3. Thus, |S| ≤ 17, 6 ≤ s 0 ≤ 9, 10 ≤ s t ≤ 11 and s c ≤ |S| − s 1 − s t ≤ 1. Since every vertex in AQ 0 n,k (resp. AQ t n,k ) has four distinct extra neighbors in AQ n,k − AQ 0 n,k − AQ t n,k , any component in AQ 0 n,k − S 0 (resp. AQ t n,k − S t ) is connected to AQ 1 n,k − S 1 (resp. AQ t−1 n,k − S t−1 ) (which is part of C 1 ) and is connected to AQ k−1 n,k − S k−1 (resp. AQ t+1 n,k − S t+1 ) (which is part of C 2 ). This implies AQ n,k − S is connected and thus |V (H)| = |V (AQ n,k )|.
Lemma 9. Let S be an arbitrary set of edges in AQ n,k for n ≥ 2 and k ≥ 3. If |S| ≤ 12n − 13, then there exists a component H in AQ n,k − S such that |V (H)| ≥ |V (AQ n,k )| − 2.
Proof. Let H be the large component of AQ n,k − S. The proof is by induction on n. For n = 2, the proof is shown in the Appendix B. In what follows, we assume that n ≥ 3 and k ≥ 3 and the result holds for AQ n−1,k . Recall that I = {i ∈ [k] 0 : AQ i n,k − S i is disconnected} and J = [k] 0 \ I. By Lemma 1(2), s i ≥ 4(n − 1) − 2 = 4n − 6 for i ∈ I. Since |S| ≤ 12n − 13, we have |I| ≤ 3 when n ≥ 3. We consider the following cases. For all j ∈ [k] 0 , AQ j n,k − S j is connected. By Lemma 1(3), there are 2k n−1 edges between subgraphs AQ j n,k and AQ j+1 n,k . Since |S| ≤ 12n − 13 < 2 × (2k n−1 ) for n ≥ 3 and k ≥ 3, there exists at most one integer, say i ∈ [k] 0 , such that all the edges between AQ i n,k and AQ i+1 n,k are faulty. Since there is a fault-free edge between AQ j n,k − S j and AQ j+1 n,k − S j+1 for each j ∈ [k] 0 \ {i}, it implies that AQ n,k − S is connected. Thus, |V (H)| = |V (AQ n,k )|. Case 2: |I| = 1.
Without loss of generality, assume that I = {0}. By Lemma 1(2), s 0 ≥ 4(n − 1) − 2 = 4n − 6. For j ∈ [k] 0 \ {0}, AQ j n,k − S j is connected. By Lemma 1(3), there are 2k n−1 edges between subgraphs AQ j n,k and AQ j+1 n,k . Since s c ≤ |S| − s 0 ≤ (12n − 13) − (4n − 6) = 8n − 7 < 2k n−1 for n ≥ 3 and k ≥ 3, there is a fault-free edge between AQ j n,k − S j and AQ j+1 n,k − S j+1 for each j, j + 1 ∈ J. It leads to AQ J n,k − S J is connected. In this case, we have s c ≤ |S| − s 0 ≤ (12n − 13) − (12n − 24) = 9. Since every vertex in AQ 0 n,k has exactly four distinct extra neighbors, at most two vertices in AQ 0 n,k are not connected with AQ J n,k − S J . This shows that |V (H)| ≥ |V (AQ n,k )| − 2, as desired.
Without loss of generality, assume that I = {0, 1} and s 0 ≤ s 1 . Then, AQ J n,3 − S J = AQ 2 n,3 − S 2 is connected. By Lemma 1(2 
Note that AQ 0 n,3 −S 0 (resp. AQ 1 n,3 −S 1 ) is disconnected. By Lemma 8, AQ 0 n,3 −S 0 (resp. AQ 1 n,3 −S 1 ) has a large component and a singleton, say x 0 (resp. x 1 ). Note that the singleton has exactly two distinct extra neighbors in AQ 2 n,3 . Since
This implies that AQ n,3 − S has a large component H and smaller components which contain at most two vertices in total. It leads to |V (H)| ≥ |V (AQ n,k )| − 2. In this case, we have s c ≤ |S| − s 1 − s 2 ≤ (12n − 13) − (4n − 6) − (8n − 14) = 7. Since every vertex in AQ 0 n,3 (resp. AQ 1 n,3 ) has four distinct extra neighbors, any component with more than two vertices in AQ 0 n,3 − S 0 (resp. AQ 1 n,3 − S 1 ) is connected to AQ 2 n,3 − S 2 . This implies that only a component with a singleton in AQ 0 n,3 − S 0 (resp. AQ 1 n,3 − S 1 ) can be disconnected with AQ 2 n,3 − S 2 . Thus, AQ n,3 − S has a large component H and smaller components which contain at most two vertices in total. It leads to
In this case, we have 2(8n − 14) ≤ s 0 + s 1 ≤ |S| ≤ 12n − 13. It implies that n = 3. Thus, |S| ≤ 12n − 13 = 23 and 10 ≤ s 0 ≤ s 1 ≤ 17. Also, we have s c ≤ |S| − s 0 − s 1 ≤ 23 − 2 × 10 = 3. Note that every vertex in AQ 0 n,3 (resp. AQ 1 n,3 ) has two distinct extra neighbors in AQ 2 n,3 , at most one vertex in (AQ 0 n,3 − S 0 ) ∪ (AQ 1 n,3 − S 1 ) can be disconnected with AQ 2 n,3 − S 2 . If a vertex v in AQ 0 n,3 (resp. AQ 1 n,3 ) remains a singleton in AQ n,3 − F , then all the extra edges incident with v are in S c . It implies that s c ≥ 4, a contradiction. Thus, any component of AQ 0 n,3 − S 0 (resp. AQ 1 n,3 − S 1 ) is connected to AQ 2 n,3 − S 2 . It leads to that AQ n,3 − S is connected, and so |V (H)| = |V (AQ n,3 )|.
Without loss of generality, assume that 0 ∈ I. We consider the following two cases according to the value of I \ {0}. For 1 ≤ m ≤ t − 1 or t + 1 ≤ m ≤ k − 1, AQ m n,k − S m is connected. By the similar argument as Case 3.2.1, those (AQ m n,k − S m )'s for 1 ≤ m ≤ t − 1 and t + 1 ≤ m ≤ k − 1 belong to the components, say C 1 and C 2 , respectively, of AQ n,k − S. Without loss of generality, assume that s 0 ≤ s t . We consider the following cases.
In this case, AQ 0 n,k − S 0 (resp. AQ t n,k − S t ) is disconnected. By Lemma 8, AQ 0 n,k − S 0 (resp. AQ t n,k − S t ) has exactly two components: a large component, say H 0 (resp. H t ), and a singleton. Note that every vertex in AQ 0 n,k has exactly two distinct extra neighbors in AQ 1 n,k (resp. AQ k−1 n,k ). Since s c ≤ |S| − s 0 − s t ≤ (12n − 13) − 2(4n − 6) = 4n − 1 < 2k n−1 − 4 for n ≥ 3 and k ≥ 4, there is at least a fault-free edge between H 0 and AQ 1 n,k − S 1 (resp. AQ k−1 n,k − S k−1 ). This implies that H 0 is connected to AQ 1 n,k − S 1 (which is part of C 1 ) and is connected to AQ k−1 n,k − S k−1 (which is part of C 2 ). It follows that H 0 is contained in both C 1 and C 2 . By a similar discussion, H t is contained in both C 1 and C 2 . This implies that AQ n,k − S has a large component H = C 1 = C 2 and smaller components which contain at most two vertices in total. It leads to |V (H)| ≥ |V (AQ n,k )| − 2. In this case, we have s c ≤ |S| − s 1 − s t ≤ (12n − 13) − (4n − 6) − (8n − 14) = 7. Since every vertex in AQ 0 n,k (resp. AQ t n,k ) has four distinct extra neighbors in AQ n,k − AQ 0 n,k − AQ t n,k , any component with more than two vertices in AQ 0 n,k − S 0 is connected to AQ 1 n,k − S 1 (which is part of C 1 ) and is connected to AQ k−1 n,k − S k−1 (which is part of C 2 ). This implies that only a component with a singleton in AQ 0 n,k − S 0 can be disconnected with both C 1 and C 2 . By a similar discussion, only a component with a singleton in AQ t n,k − S t can be disconnected with both C 1 and C 2 . This implies that AQ n,k − S has a large component H = C 1 = C 2 and smaller components which contain at most two vertices in total. It leads to |V (H)| ≥ |V (AQ n,k )| − 2. In this case, we have 2(8n − 14) ≤ s 0 + s t ≤ |S| ≤ 12n − 13. It implies that n = 3. Thus, |S| ≤ 12n − 13 = 23 and 10 ≤ s 0 ≤ s t ≤ 17. Also, we have s c ≤ |S| − s 0 − s t ≤ 23 − 2 × 10 = 3. Since every vertex in AQ 0 n,k has four distinct extra neighbors in AQ n,k − AQ 0 n,k − AQ t n,k , any component of AQ 0 n,k − S 0 is connected to AQ 1 n,k − S 1 (which is part of C 1 ) and is connected to AQ k−1 n,k − S k−1 (which is part of C 2 ). By a similar discussion, any component of AQ t n,k − S t is connected to AQ t−1 n,k − S t−1 (which is part of C 1 ) and is connected to AQ t+1 n,k − S t+1 (which is part of C 2 ). This implies that AQ n,k − S is connected, and so |V (H)| = |V (AQ n,k )|. Case 4: |I| = 3.
By Lemma 1(2), for each i ∈ I, s i ≥ 4(n − 1) − 2 = 4n − 6 and s i ≤ (12n − 13) − 2(4n − 6) = 4n − 1 < 8n−7. Since |S| ≤ 12n−13, we have s c ≤ |S| −3(4n−6) = 5. For each i ∈ I, AQ i n,k −S i is disconnected, and by Lemma 8, AQ i n,k − S i has two components, one is the large component, say H i , and the other is a singleton, say v i . Let M be the union of smaller components of AQ n,k − S. We consider the following two cases according to k = 3 or not. We consider the following three cases. 
n,k − S t−1 (which is part of C 1 ) and is connected to AQ t+1 n,k − S t+1 (which is part of C 2 ). This implies that AQ n,k − S has a large component 
By the similar argument as Case 4.2.1, those (AQ m n,k − S m )'s for 1 ≤ m ≤ t − 1, t + 1 ≤ m ≤ p − 1, and p + 1 ≤ m ≤ k − 1 belong to the components, say C 1 , C 2 and C 3 , respectively, of AQ n,k − S. Since s c ≤ 5 < 2k n−1 − 4 for n ≥ 3 and k ≥ 4, H 0 is connected to AQ 1 n,k − S 1 (which is part of C 1 ) and is connected to AQ k−1 n,k − S k−1 (which is part of C 3 ), H t is connected to AQ t−1 n,k − S t−1 (which is part of C 1 ) and is connected to AQ t+1 n,k − S t+1 (which is part of C 2 ), H p is connected to AQ p−1 n,k − S p−1 (which is part of C 2 ) and is connected to AQ p+1 n,k − S p+1 (which is part of C 3 ). This implies that AQ n,k − S has a large component
This implies that AQ n,k − S has a large component H and smaller component which contain at most one vertex. It leads to |V (H)| ≥ |V (AQ n,k )| − 1.
Theorem 2. Let AQ n,k be the augmented k-ary n-cube, where n ≥ 2 and k ≥ 3 are integers. Then AQ n,k is (4n − 4)-strongly Menger edge connected.
Proof. Let F be an arbitrary faulty edge set of AQ n,k with |F | ≤ 4n − 4. Since λ(AQ n,k ) = 4n − 2, AQ n,k − F is connected. Let u, v ∈ V (AQ n,k ) be any two distinct vertices such that deg AQ n,k −F (u) ≤ deg AQ n,k −F (v), and let d u = deg AQ n,k −F (u). From Proposition 1, we need to show that the minimum size of a (u, v)-edge cut is equal to d u . That is, we will show that u and v are still connected after the removal of at most d u − 1 edges in AQ n,k − F . Suppose, on the contrary, that u and v are separated by deleting a set of edges
Clearly, |V (H)| = |V (AQ n,k )|, for otherwise, both u and v are contained in H. Since u is disconnected from v in AQ n,k − S, without loss of generality, assume that u is a singleton in AQ n,k − S. Clearly, E({u}, N AQ n,k −F (u)) ⊆ E f . Thus, |E f | ≥ |N AQ n,k −F (u)| = deg AQ n,k −F (u) = d u , which contradict to |E f | ≤ d u − 1. This shows that AQ n,k is (4n − 4)-strongly Menger edge connected.
Remark 3. To show that AQ n,k is not (4n − 3)-strongly Menger edge connected, we consider the following example. See Fig. 3 for an illustration. Let (u, w) ∈ E(AQ n,k ) and v ∈ V (AQ n,k ) \ N [w]. Let F = E({w}, N (w) \ {u}) be a faulty subset of edges in AQ n,k (i.e., edges with cross marks in the darkest area of Fig. 3 ). Clearly, |F | = 4n − 3 and there are no more than 4n − 3 edge-disjoint paths between u and v in AQ n,k − F . Since deg AQ n,k −F (u) = deg AQ n,k −F (v) = 4n − 2, AQ n,k is not (4n − 3)-strongly Menger edge connected. Thus, the result of Theorem 2 is optimal in the sense that the number of faulty edges cannot be increased. Proof. Let F be an arbitrary conditional faulty edge set of AQ n,k with |F | ≤ 8n − 10. Then δ(AQ n,k − F ) ≥ 2. Let u and v be any two distinct vertices in AQ n,k −F such that deg AQ n,k −F (u) ≤ deg AQ n,k −F (v). Also, let d u = deg AQ n,k −F (u) and let d v = deg AQ n,k −F (v). From Proposition 1, we will show that u and v are connected by d u edge-disjoint fault-free paths in AQ n,k − F . This means that u and v are still connected if the number of edges deleted is no more than d u − 1 in AQ n,k − F . Remark 4. To show that AQ n,k is not (8n−9)-conditional strongly Menger edge connected, we consider the following example. See Fig. 4 for an illustration. Let C = (u, u 1 , u 2 , u) be a 3-cycle in AQ n,k . Also, let u 0 ∈ N (u 1 )\{u, u 2 } and v ∈ V (AQ n,k )\(N (u 1 )∪N (u 2 )). Let F = 2 i=1 E(u i , N (u i ))\[E(C)∪(u 1 , u 0 )] be a faulty subset of edges in AQ n,k (i.e., edges with cross marks in Fig. 4 ). Clearly, |F | = 2(4n−2)−1−4 = 8n − 9 and there are no more than 4n − 3 edge-disjoint paths between u and v in AQ n,k − F . Since deg AQ n,k −F (u) = deg AQ n,k −F (v) = 4n − 2, AQ n,k is not (8n − 9)-conditional strongly Menger edge connected. Thus, the result of Theorem 3 is optimal in the sense that the number of faulty edges cannot be increased. 
Concluding remarks
In literature, there are many papers with results of computing strong Menger (edge) connectivity in several popular classes of triangle-free graphs. In this paper, we study the strong Menger (edge) connectivity of one kind of graph which has many triangles, namely augmented k-ary n-cube AQ n,k . By exploring and utilizing the structural properties of AQ n,k , we show that AQ n,3 (resp. AQ n,k , k ≥ 4) is (4n − 9)-strongly (resp. (4n − 8)-strongly) Menger connected for n ≥ 3, and AQ n,k is (4n − 4)-strongly Menger edge connected for n ≥ 2 and k ≥ 3. Moreover, under the restricted condition that each vertex has at least two fault-free edges, we show that AQ n,k is (8n − 10)-conditional strongly Menger edge connected for n ≥ 2 and k ≥ 3. All results we obtained are optimal in the sense of the maximum number of tolerated vertex (resp. edge) faults. Intuitively, we think that this method can also be applied to other r-regular r-connected graphs with triangles.
Without loss of generality, assume that I = {0}. So, V (M ) ⊂ V (AQ 0 2,k ). By Lemma 1(2), s 0 ≥ 4(n − 1) − 2 = 2. For j ∈ J, AQ j 2,k − S j is connected. By Lemma 1(3), there are 2k edges between adjacent subgraphs AQ j 2,k and AQ j+1 2,k for j ∈ [k] 0 . Since s c ≤ |S| − s 0 ≤ 9 − 2 = 7 < 2k for k ≥ 4. If k ≥ 4, there exists a fault-free edge between AQ j 2,k − S j and AQ j+1 2,k − S j+1 for all j ∈ [k] 0 . It leads to AQ J 2,k − S J is connected. Since every vertex in AQ 0 2,k has four distinct extra neighbors, we have 4|V (M )| ≤ s c ≤ 7. Thus, |V (M )| ≤ 1 and |V (H)| ≥ |V (AQ 2,k )| − 1.
If k = 3 (see Fig. 1(a) ), then AQ 0 2,3 −S 0 is either three singletons or an edge together with a singleton. Note that every vertex in AQ 0 2,3 has four distinct extra neighbors and 2 ≤ s 0 ≤ 3. Since s 0 +4|V (M )| ≤ 9, we have |V (M )| ≤ 1. Thus, at least a vertex of AQ 0 2,3 − S 0 is connected to AQ 1 2,3 − S 1 and AQ 2 2,3 − S 2 . It implies |V (H)| ≥ |V (AQ 2,3 )| − 1. 
Appendix B
Let S be an arbitrary set of edges in AQ 2,k for k ≥ 3. If |S| ≤ 11, then there exists a component H in AQ 2,k − S such that |V (H)| ≥ |V (AQ 2,k )| − 2.
Proof. Let n = 2 and H be the large component of AQ 2,k − S. By Lemma 8, the result holds if |S| ≤ 8n − 7 = 9. Now we consider 10 ≤ |S| ≤ 11. Recall that AQ 2,k contains k disjoint copies of k-cycle, say AQ i 2,k , i ∈ [k] 0 . Let S i = S ∩ E(AQ i 2,k ) and s i = |S i | for i ∈ [k] 0 . Let I = {i ∈ [k] 0 : AQ i 2,k − S i is disconnected} and J = [k] 0 \ I. Clearly, s i ≥ 2 for each i ∈ I. So |I| ≤ min{k, 5}. Let M be the union of smaller components of AQ n,k − S. We consider the following cases. Case 1. |I| = 0.
For j ∈ [k] 0 , AQ j 2,k −S j is connected. By Lemma 1(3), there are 2k edges between adjacent subgraphs AQ j 2,k and AQ j+1 2,k for j ∈ [k] 0 . Since k ≥ 3 and |S| ≤ 11 < 2 × (2k), there exists at most one integer, say i ∈ [k] 0 , such that all the edges between AQ i 2,k and AQ i+1 2,k are faulty. Since there is a fault-free edge between AQ j 2,k − S j and AQ j+1 2,k − S j+1 for each j ∈ [k] 0 \ {i}, it implies that AQ 2,k − S is connected. Thus, |V (H)| = |V (AQ 2,k )|. Case 2. |I| = 1.
Without loss of generality, assume that I = {0}. So, V (M ) ⊂ V (AQ 0 2,k ). By Lemma 1(2), s 0 ≥ 4(n − 1) − 2 = 2. For j ∈ J, AQ j 2,k − S j is connected. By Lemma 1(3), there are 2k edges between adjacent subgraphs AQ j 2,k and AQ j+1 2,k for j ∈ [k] 0 . Since s c ≤ |S| − s 0 ≤ 11 − 2 = 9 < 2k for k ≥ 5. If k ≥ 5, there exists a fault-free edge between AQ j 2,k − S j and AQ j+1 2,k − S j+1 for all j ∈ [k] 0 . It leads to AQ J 2,k − S J is connected. Since every vertex in AQ 0 2,k has four distinct extra neighbors, we have 4|V (M )| ≤ s c ≤ 9. Thus, |V (M )| ≤ 2 and |V (H)| ≥ |V (AQ 2,k )| − 2.
If k = 3 (see Fig. 1(a) ), then AQ 0 2,3 − S 0 is either three singletons or an edge together with a singleton. Note that every vertex in AQ 0 2,3 has four distinct extra neighbors and 2 ≤ s 0 ≤ 3. Since s 0 + 4|V (M )| ≤ 11, we have |V (M )| ≤ 2. Thus, at least a vertex of AQ 0 2,3 − S 0 is connected to AQ 1 2,3 − S 1 and AQ 2 2,3 − S 2 . It implies |V (H)| ≥ |V (AQ 2,3 )| − 2.
If k = 4 (see Fig. 1(b) ), then AQ 0 2,4 − S 0 is one of the following: (1) four singletons; (2) an edge and two singletons; (3) a 2-path (i.e., a path of length 2) and a singleton; (4) two nonadjacent edges. Note that every vertex in AQ 0 2,4 has four distinct extra neighbors and 2 ≤ s 0 ≤ 4. Since s 0 + 4|V (M )| ≤ 11, we have |V (M )| ≤ 2, and M is either an edge or at most two singletons. Thus, there exists either an edge, a 2-path, or two singletons of AQ 0 2,4 − S 0 , which and all subgraphs (AQ j 2,4 − S j )'s for j ∈ J belong to the same component (i.e., H) in AQ 2,k − S. This shows that |V (H)| ≥ |V (AQ 2,4 )| − 2. Without loss of generality, assume that I = {0, t, p} where t, p ∈ [k] 0 \ {0}. For j ∈ J, AQ j 2,k − S j is connected. For i ∈ I, it is clear that s i ≥ 2. Let H i be the large component of AQ i 2,k − S i . Since s c ≤ |S| − s 0 − s t − s p ≤ 11 − 3 × 2 = 5 and every vertex in AQ i 2,k has four distinct extra neighbors, AQ i 2,k − S i has two components, one is H i and the other is a singleton, say v i . By Lemma 1(3), there are 2k edges between adjacent subgraphs AQ j 2,k and AQ j+1 2,k for j ∈ [k] 0 . Since s c ≤ 5 < 2 × (2k) for k ≥ 3, all H i 's for i ∈ I and all subgraphs (AQ j 2,k − S j )'s for j ∈ J belong to the same component (i.e., H) in AQ 2,k −S. If every two singletons of {v 0 , v t , v p } are adjacent in AQ 2,k −S, then s 0 +s t +s p +(4×3−6) ≥ 12, a contradiction. Thus at least two singletons in {v 0 , v t , v p } are nonadjacent, and it follows that s 0 + s t + s p + (4|V (M )| − 4) ≤ 11. This shows that |V (M )| ≤ 2 and |V (H)| ≥ |V (AQ 2,4 )| − 2.
Case 5. 4 ≤ |I| ≤ min{k, 5}.
In this case, k ≥ 4. For j ∈ J, AQ j 2,k − S j is connected. For i ∈ I, it is clear that s i ≥ 2. Let H i be the large component of AQ i 2,k − S i . By Lemma 1(3), there are 2k edges between adjacent subgraphs AQ j 2,k and AQ j+1 2,k for j ∈ [k] 0 . Since s c ≤ |S| − 2|I| ≤ 11 − 2 × 4 = 3 < 2k, all H i 's for i ∈ I and all subgraphs (AQ j 2,k − S j )'s for j ∈ J belong to the same component (i.e., H) in AQ 2,k − S. Since s c ≤ 3 and every vertex in AQ i 2,k has four distinct extra neighbors, if a vertex of AQ i 2,k − S i is a singleton, then it must be connected to H. Thus, |V (H)| ≥ |V (AQ 2,k )|.
